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Abstract: In this paper, it is dealt with that the Hamiltonian formulation of non-
linear water waves in a two-fluid system, which consists of two layers of constant-
density incompressible inviscid fluid with a horizontal bottom, an interface and a
free surface. The velocity potentials are expanded in power series of the vertical

coordinate. By taking the kinetic thickness of lower fluid-layer and the reduced
kinetic thickness of upper fluid-layer as the generalized displacements, choosing
the velocity potentials at the interface and free surface as the generalized momenta
and using Hamilton's principle, the Hamiltonian canonical equations for the
system are derived with the Legendre transformation under the shallow water

assumption. Hence the results for single-layer fluid are extended to the case of
stratified fluid.
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Introduction
The geometrization of mechanics is a tendency of the development of continuum
mechanics and draws extensive attention of research. Through the efforts in one and haf a

century, the geometrical theory of dynamics of particles and rigid bodies has laid a solid
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foundation and during the past decades, people turned to explore the corresponding theory for
continuum mechanics. In recent years, the study of Hamiltonian structure, symmetries and
conservation laws for water waves has become one of important subjects in dynamics of water
waves. And thus a new system of treating water waves was brought about, in which the aim is
to turn the investigation of water waves into that of infinite-dimensional Hamiltonian structure
and to study the water waves with the concepts and techniques in classical Hamiltonian
mechanics and modern theory of mathematics, such as the differential manifold, the symplectic
geometry, the Lie group and the Lie algebra.

J. C. Luke first established the variational principle for water waves”, and G. B.
Whitham continued to investigate the variationa principles for severa problems of water waves

and their applications'?.

V. E. Zakharov™® found that the governing equations for water waves,
under the assumptions of inviscidity, irrotationality, incompressibility and uniformity of density,
form the Hamiltonian dynamica system, in which the positive-definite Hamiltonian functional

is the total energy of fluid and the elevation h of free surface and the velocity potentid F a
free surface represent the canonical variables. In fact, h is the generaized displacement of

infinite dimension, and F is the corresponding generalized momentum. V. E. Zakharov's
pioneering work opened a new way to explore the Hamiltonian canonical structure of the
problems on water waves, a novel approach to study water waves?. J. W. Miles and D. M.
Milder investigated rather completely Hamilton's principle and the Hamiltonian canonical
equations for water waves*®. T. B. Benjamin and P. J. Olver analyzed the relation between the
Hamiltonian structure for the origind and approximate of water waves problems™™. The
existing fruitful results on the Hamiltonian formulation of water waves have been briefly
reviewed in Ref. [7].

The shallow water approximation and the Boussinesg assumption have been used for
many years. The related idea and techniques are based on the estimation of magnitude order,
that is, preserving the principal nonlinear terms and dispersion terms in the equations of motion.
The advantage of doing so is the appropriate smplification and the accompanying drawback is
the destruction of Hamiltonian structure of the problems. In the Hamiltonian formulation, the
Hamiltonian canonical variables have not been changed and the corresponding approximation
are automatically canonical, i.e, Hamiltonian-structure-preserving. For the Hamiltonian
formulation of single-layered fluid under the shallow water approximation, W. Craig and M. D.
Groves derived the approximate Hamiltonian equations of various orders for 2-D shallow water
waves by using a convergent Taylor expansion of the Dirichlet-Neumann operators®. Starting
form Hamilton's principle and using the Legendre transformation, the authors presented the

Hamiltonian canonical equations for single-layered fluid™® and the obtained results agreed with



those in Ref. [8], while the approach was ssimpler and the physica meaning clearer. In this
paper, we shall further extend the results in Ref. [9] and under the shallow water assumption,
consder a two-fluid system studied in Ref. [10]. We shall expand the velocity potentia for the
lower fluid as a series in terms of that at the bottom and the velocity potentia for the upper fluid

asaseriesin terms of that at the interface. And then the kinetic thickness z, of lower fluid and
the reduced kinetic thickness z, of the upper fluid am taken as the generalized displacements;
the velocity potential F, of lower fluid at the interface and the velocity potential F , of upper
fluid at the free surface as the generalized momenta. That is to say, (z,,F,) and (z,,F,)

constitute the pair of dual variables. Then with the Legendre transformation, the corresponding
Hamiltonian canonical equations are derived for the system. Hence, the resultsin Refs. [3, 4, 9]
are extended to a two-fluid system and other forms of equations governing nonlinear shallow
water waves in the system are given, dightly different from those presented in Ref. [10], but

more concise, which are in agreement with each other in the linearized approximation.

1 Variational Principle and Hamiltonian Canonical Equations for the Two-Fluid System

We consider the irrotational motion of two layers of immiscible incompressible constant-
dendty inviscid fluids. Suppose that the ratio of densty of upper and lower fluids is
s(=r,/r,); the (static) thicknesses of upper and lower fluids are h, and h,, respectively; the

horizontal coordinates are x =(x;, x,) and the vertical coordinate is y, while he horizontal
bottom is & y=0; the elevation of interface is h,(x,t), and the elevation of free surface is
h,(x,t). Denote W:S,” Ry, as the considered domain of time and space. Assume that the
dratification of fluids is saticaly stable (i.e., s <1) and the ratios of h and h, tothe
characteristic wave-length obey the shallow water assumption, i.e. h, /I <<1 and h,/I <<1.

From Hamilton' s principle

~ g . 2 0 ~ hoad o 2 o]

L = e=|Nf [ - gysy, L, = —INf ,|° - gy, 1ab
=Q IV - oy, L =s g COINTL[ - aydly (1ab)
d(_ﬁ?dxdt = olc‘Q(E1 +L,)dxat =0, (1c)

we can obtain the governing equations for the two-fluid system but cannot get the complete

boundary conditions. From the variationa principle
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* \hZ 1 ~ 2 0
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deg- dxdt =dgg (L, +L;)dxat =0, (20)
it follows that
N?f,=0, O<y<h,, (39)
N2f,=0, h,<y<h,, (3b)
hy +Nf,Nh,- f,, =0, y=h,, (30)
f2’t+%(Nf2)2+gy=0, y=h,, (3d)
h,, +Nf Nh,- f,, =0, y=h,, (3e)
hy +Nf Nh, - f,, =0, y=h,, (3f)
a?m - (R )+gy—-sa?2t+ (e, +gyg=0, y=h, (30)
f,, =0, y=0, 3h)

where f, and f, are the velocity potentials of upper and lower fluids respectively;
fo =9 /M, f =%/, (i=12); g isthe gravitationa acceleration; N is the Hamilton's
operator. Egs. (3a - 3h) are just the governing equations and boundary conditions for the two-
fluid system, so the variationa principle (2) (i.e., the principle of stationary pressure) can be
regarded as the generalization of Luke's variationa principle for single-layered fluid™.
Comparing the Lagrangian function L in Egs. (2) and the Lagrangian function L in Hamilton's

principle (1), we have
1 (LR a1 (A
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where the dummy indices follow the summation convention and the additiona terms other than

“‘2 f,dy, @

the term of divergence in Eq. (4) embody the conservation of mass. If f, and h, satisfy Egs.

(3), then those additional terms will disappear, while the last four termsin Eq. (4) will disappear
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as the boundary termsin the variational approach. Therefore, L and L can be considered to be
dynamically equivaent.

Since f, is the harmonic function and satisfies the boundary condition at bottom

fLy|y:0 =0, therefore f, can be expanded as

fL=i (00 % 2R3 L (x,t) +O(h /1 4), 5

where j ,(x,t) = f,(x,0,t).

f, isaso the harmonic function and can be expanded as

. 1 ~ .
f221 260+ (- Ry - S (- h)*RE L () +O(R/19), ©)
where j ,(x,t) =f,(x,h,,t) and y =[ff ,/fy],_, . Under the shallow water assumption, we
have

. 1, oo
F,=j,- EthZJ O /1%, (7a)

F,=] 2+xy—%x2|§I2j L +O(R3/13), (7o)
inwhich x =h, - h, is the "kinetic thickness' of lower fluid;, F, isthe velocity potentia of
lower fluid at the interface; F, is the velocity potential of upper fluid at the free surface.
Substituting Eqg. (5) into Eq. (28) and neglecting the smaller quantities lead to

L= rgia u 2rg ot - il 4 R - @ )] @
Inserting Eq. (7a) into Eq. (8) and taking

AN\ AN T[ A\
CQ,th 1 dxdt = Q)/ﬁ (h,F ,)dxadt - (th,t': axdt, 9

into account, the first term of right hand sde in Eg. (9) turns into the boundary term in
variational approach, so Eq. (8) isreduced to

él 1 1 5,0 U
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Substituting Eg. (6) into Eq. (2b) and using Eqg. (7b), we obtain
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At the interface of two fluids, the norma components of velocities are equa and by using
Eq. (3e) we approximately have

i 1 ::jl[il

=y =h,,, 13
Ty Ty y =h, (13)

y=hy

y=hy
because under the shallow water assumption Nh, and Nh, aresmall.

Discarding the boundary terms which have no effect on the results in variational
approach, we can obtain the Hamiltonian in the corresponding Hamilton's principle

(=L =hyF,+SXF,- g%hl(NFl)z +2ght - %hf(NZFl)Zg
- S%X(NFz)z- %xs(NzF ,)? +%tht +%gx(x+2hl)§. (14)
Set z, =h, and z, =sx. Then Eq. (14) reduces to
L =2, F,+2,F,- %zl(NF )? +%ng - %zf(NZFl)Zg
- g%zz(NF 2)% - ézg(NZF »)° +%zzzft +%gzz(z2 +2$zl)§. (15)

We may as well choose (z,,z,) as the generalized displacements of the two-fluid system. By

definition we have

= _IH;_ =F -—_JH;_ =

=F,, = =F,. 16
B P TR, o

Py

which indicates that the generalized momenta of the system are (F ,F,). For single-layer
fluid, the generalized displacement and momentum are respectively the elevation h of free
surface and the velocity potentia F  at the free surface and thus (h,F) constitute the canonical

variables of the system, Egs. (15) and (16) indicate that for the two-fluid system, two pairs of
dua variables, (z,,F,) and (z,,F,) form the canonica varigbles, in which (z,,z,) arethe
"kinetic thickness' of lower fluid and the "reduced kinetic thickness' of upper fluid
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respectively. Making the Legendre transformation for Eq. (15) gives the Hamiltonian of the
two-fluid system

H= gzl(NFl) +2921 _Zl(N Fl) H
él ~ 1 Fos4 o 1 ~ 1 u
+ éezzz(NFz)z +§gzzg?2+ 221[;' @Z‘Z(NZF )2+ 22 letu- 17)

Thus far we have obtained the Hamiltonian functiona for the considered system

H = g Hax. (18)

0

It is easy to verify that the following relation holds:
n \hlﬂ 1 2 o \hzﬁ ‘~ 2 O
H= Nf,|" +gydy +sq c=[Nf,|" +gy-dy, 19
Q SN +aydy+s g GTIRFL[ +aydy (19)
which means H in Eq. (18) is the total energy of the system. It can be shown that from the
variational principle
d@)(@F . +2,F, - H)dxdt =0, (20

we can derive the governing eguations and the complete set of boundary conditions. And Eq.
(20) is an dternative formulation of Eq. (1), which has dynamica equivaence with Eq. (2) (see
Ref. [9]). Following the procedure in Ref. [9], we can give out the Hamiltonian canonical

equation for the system
dH
u=J—r:, 21
Y (21)
where U =(z,,z,,F ,F,)", J = g L 0_, |, isthe 2° 2 unit matrix and J isthe measure
2}

matrix of simplectic geometry. Substituting Egs. (17) and (18) into the Hamiltonian canonical
equation (21) yields the governing equations for the two-fluid system

H oo L, e
Z,, = oF . =-N(XNF,)- ENZ (XiNzFl) , (229)
H o, 1 ) ae
ZZ,t = sz =- N(XzNFz) - ?NZ(XzNZFz)’ (22b)
F i :'d_H_'l(NFl)z' 9(z,+2z,)+ = ZZ(NF1)2+(X1tX2)t’ (22c)
‘ dx, 2
dH 1 N 1
Foi=- ax. = _(NF )? 2 Zg(NFz)Z - =Xy (22d)
X, 2

Nondimensionize Eq. (22) and only consider two-dimensional flow. Let
NF,® u, NF,® u,, (23)

Vil



and
h,=z,=1+V,, h,- h =z,/s =r(1+V,), (24)
where r =h, /h, is the thickness ratio of upper and lower fluids at rest. Under the linearization

approximation, Eq. (22) turns into

M +& = 0, M + ﬂi = O u
it 9 Tt X t
y (29)
ﬂ_ul+M+SrM:0’ E+M+rM:O_{
it X ix t ™ 9Ix b
The corresponding characteristic equation is
(C?-1(C?-r)-sr=0, (26)

which has solution

c? =%g(1+r)iﬂ/(1- r2)+4sr8, 27)

C, and C_ are the velocities of linear gravity waves, corresponding to the fast mode (surface

mode) and dow mode (internal mode) respectively (see Ref. [10]).

For the two-fluid system considered herein, Dai Shigiang derived the generaized
Boussinesq equation, starting from the shallow water approximation and taking vertical average
of velocity™™. The equations in Eq. (22) are dightly different from those presented by Dai
Shigiang, while the linearized form Eq. (25) agrees with those in Ref. [10]. The dispersion term
derived with the shallow water approximation for the Hamiltonian system contains only the
derivatives with respect to space variables, which is different from that in the Boussinesg
eguation, which is the derivative with respect to space and time variables.

2 Conclusion

In the present paper, for a two-fluid system, the appropriate canonica variables (i.e.
generalized displacements and momenta) have been chosen for the first time, that is, the kinetic
thickness of the lower fluid and the reduced kinetic thickness of upper fluid have been taken as
the generalized displacements and the velocity potentids at interface and free surface as the
generalized momenta respectively. The results show that the procedure presented above is an
effective way to enter the Hamiltonian system. Exactly speaking, one should first establish
Hamilton's principle for the system, then define the appropriate canonical variables and finaly
obtain the Hamiltonian canonical equations via the legendre transformation. The results herein
are the extension of those in Refs. [3], [4] and [9].
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