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Abstract: In this paper, it is dealt with that the Hamiltonian formulation of non-

linear water waves in a two-fluid system, which consists of two layers of constant-

density incompressible inviscid fluid with a horizontal bottom, an interface and a 

free surface.  The velocity potentials are expanded in power series of the vertical 

coordinate.  By taking the kinetic thickness of lower fluid -layer and the reduced 

kinetic thickness of upper fluid -layer as the generalized displacements, choosing 

the velocity potentials at the interface and free surface as the generalized momenta 

and using Hamilton's principle, the Hamiltonian canonical equations for the 

system are derived with the Legendre transformation under the shallow water 

assumption.  Hence the results for single-layer fluid are extended to the case of 

stratified fluid. 

Key words :  two-fluid system, Hamilton's principle, nonlinear water waves, 

shallow water assumption, Hamiltonian canonical equations. 

 

Introduction 

 The geometrization of mechanics is a tendency of the development of continuum 

mechanics and draws extensive attention of research.  Through the efforts in one and half a 

century, the geometrical theory of dynamics of particles and rigid bodies has laid a solid 
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foundation and during the past decades, people turned to explore the corresponding theory for 

continuum mechanics.  In recent years, the study of Hamiltonian structure, symmetries and 

conservation laws for water waves has become one of important subjects in dynamics of water 

waves.  And thus a new system of treating water waves was brought about, in which the aim is 

to turn the investigation of water waves into that of infinite-dimensional Hamiltonian structure 

and to study the water waves with the concepts and techniques in classical Hamiltonian 

mechanics and modern theory of mathematics, such as the differential manifold, the symplectic 

geometry, the Lie group and the Lie algebra. 

 J. C. Luke first established the variational principle for water waves[1], and G. B. 

Whitham continued to investigate the variational principles for several problems of water waves 

and their applications[2].  V. E. Zakharov[3] found that the governing equations for water waves, 

under the assumptions of inviscidity, irrotationality, incompressibility and uniformity of density, 

form the Hamiltonian dynamical system, in which the positive-definite Hamiltonian functional 

is the total energy of fluid and the elevation η  of free surface and the velocity potential Φ  at 

free surface represent the canonical variables.  In fact, η  is the generalized displacement of 

infinite dimension, and Φ  is the corresponding generalized momentum.  V. E. Zakharov's 

pioneering work opened a new way to explore the Hamiltonian canonical structure of the 

problems on water waves, a novel approach to study water waves[3].  J. W. Miles and D. M. 

Milder investigated rather completely Hamilton's principle  and the Hamiltonian canonical 

equations for water waves[4, 5].  T. B. Benjamin and P. J. Olver analyzed the relation between the 

Hamiltonian structure for the original and approximate of water waves problems[6].  The 

existing fruitful results on the Hamiltonian formulation of water waves have been briefly 

reviewed in Ref. [7]. 

 The shallow water approximation and the Boussinesq assumption have been used for 

many years.  The related idea and techniques are based on the estimation of magnitude order, 

that is, preserving the principal nonlinear terms and dispersion terms in the equations of motion.  

The advantage of doing so is the appropriate simplification and the accompanying drawback is 

the destruction of Hamiltonian structure of the problems.  In the Hamiltonian formulation, the 

Hamiltonian canonical variables have not been changed and the corresponding approximation 

are automatically canonical, i.e., Hamiltonian-structure-preserving.  For the Hamiltonian 

formulation of single -layered fluid under the shallow water approximation, W. Craig and M. D. 

Groves derived the approximate Hamiltonian equations of various orders for 2-D shallow water 

waves by using a convergent Taylor expansion of the Dirichlet-Neumann operators[8].  Starting 

form Hamilton's principle and using the Legendre transformation, the authors presented the 

Hamiltonian canonical equations for single -layered fluid[9] and the obtained results agreed with 
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those in Ref. [8], while the approach was simpler and the physical meaning clearer.  In this 

paper, we shall further extend the results in Ref. [9] and under the shallow water assumption, 

consider a two-fluid system studied in Ref. [10].  We shall expand the velocity potential for the 

lower fluid as a series in terms of that at the bottom and the velocity potential for the upper fluid 

as a series in terms of that at the interface.  And then the kinetic thickness 1ζ  of lower fluid and 

the reduced kinetic thickness 2ζ  of the upper fluid am taken as the generalized displacements; 

the velocity potential 1Φ  of lower fluid at the interface and the velocity potential 2Φ  of upper 

fluid at the free surface as the generalized momenta. That is to say, ),( 11 Φζ  and ),( 22 Φζ  

constitute the pair of dual variables.  Then with the Legendre transformation, the corresponding 

Hamiltonian canonical equations are derived for the system.  Hence, the results in Refs. [3, 4, 9] 

are extended to a two-fluid system and other forms of equations governing nonlinear shallow 

water waves in the system are given, slightly different from those presented in Ref. [10], but 

more concise, which are in agreement with each other in the linearized approximation. 

 

1  Variational Principle and Hamiltonian Canonical Equations for the Two-Fluid System 

 We consider the irrotational motion of two layers of immiscible incompressible constant-

density inviscid fluids.  Suppose that the ratio of density of upper and lower fluids is 

)( 12 ρρ=σ ; the (static) thicknesses of upper and lower fluids are 2h  and 1h , respectively; the 

horizontal coordinates are ),( 21 xx=x  and the vertical coordinate is y , while the horizontal 

bottom is at 0=y ; the elevation of interface is ),(1 txη , and the elevation of free surface is 

),(2 txη .  Denote )(0: TRS ×Ω  as the considered domain of time and space.  Assume that the 

stratification of fluids is statically stable (i.e., 1<σ ) and the ratios of 1h  and 2h  to the 

characteristic wave-length obey the shallow water assumption, i.e. 11 <<λh  and 12 <<λh . 

 From Hamilton' s principle  

  ygyL d
2
1~ 1

0

2
11 ∫

η






 −φ∇= ,  ygyL d

2
1~ 2

1

2
22 ∫

η

η






 −φ∇σ= , (1a,b) 

  0d)d
~~

(dd
~

21 =+δ=δ ∫∫∫∫ ΩΩ
tLLtL xx , (1c) 

we can obtain the governing equations for the two-fluid system but cannot get the complete 

boundary conditions.  From the variational principle  

  ygyL t d
2
11

0
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1,1

*
1 ∫

η


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 +φ∇+φ= , (2a) 
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  ygyL t d
2
12

1

2
2,2

*
2 ∫

η

η






 +φ∇+φσ= , (2b) 

  0d)d(dd *
2

*
1

* =+δ=δ ∫∫∫∫ ΩΩ
tLLtL xx , (2c) 

it follows that 

  01
2 =φ∇ ,   10 η<< y , (3a) 

  02
2 =φ∇ ,   21 η<<η y , (3b) 

  0,222,2 =φ−η∇φ∇+η yt ,   2η=y , (3c) 

  ( ) 0
2
1 2

2,2 =+φ∇+φ gyt ,    2η=y , (3d) 

  0,111,1 =φ−η∇φ∇+η yt ,   1η=y , (3e) 

  0,212,1 =φ−η∇φ∇+η yt ,   1η=y , (3f) 

  ( ) ( ) 0
2
1

2
1 2

2,2
2

1,1 =





 +φ∇+φσ−






 +φ∇+φ gygy tt ,   1η=y , (3g) 

  0,1 =φ y ,   0=y , (3h) 

where 1φ  and 2φ  are the velocity potentials of upper and lower fluids respectively; 

titi ∂φ∂=φ , , xixi ∂φ∂=φ , , ( )2,1=i ; g  is the gravitational acceleration; ∇  is the Hamilton's 

operator. Eqs. (3a - 3h) are just the governing equations and boundary conditions for the two-

fluid system, so the variational principle (2) (i.e., the principle of stationary pressure) can be 

regarded as the generalization of Luke's variational principle for single -layered fluid[1].  

Comparing the Lagrangian function *L  in Eqs. (2) and the Lagrangian function L
~

 in Hamilton's 

principle (1), we have 

  ( ) ( ) yyLL tt dd
~ 2

1

1
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η

η

η
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         [ ]
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         y
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xx
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xx iiii

dddd
2

1

2

1

11

2220 10 11 ∫∫∫∫
η

η

η

η

ηη
φ

∂
∂+φ

∂
∂φ

∂
∂−φ

∂
∂+φ

∂
∂φ

∂
∂+ , (4) 

where the dummy indices follow the summation convention and the additional terms other than 

the term of divergence in Eq. (4) embody the conservation of mass.  If iφ  and iη  satisfy Eqs. 

(3), then those additional terms will disappear, while the last four terms in Eq. (4) will disappear 
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as the boundary terms in the variational approach.  Therefore, *L and L
~

 can be considered to be 

dynamically equivalent.  

 Since 1φ  is the harmonic function and satisfies the boundary condition at bottom 

0
0,1 =φ

=yy , therefore 1φ  can be expanded as 

  )(),(
2
1

),( 44
11

22
11 λ+ϕ∇−ϕ=φ hOtyt xx , (5) 

where ),0,(),( 11 tt xx φ=ϕ . 

 2φ  is also the harmonic function and can be expanded as 

  )(),()(
2
1

)(),( 33
21

22
1122 λ+ϕ∇η−−ψη−+ϕ=φ hOtyyt xx , (6) 

where ),,(),( 112 tt ηφ=ϕ xx  and [ ]
12 η=∂φ∂=ψ yy .  Under the shallow water assumption, we 

have 

  )(
2
1 44

11
22

111 λ+ϕ∇η−ϕ=Φ hO , (7a) 

  )(
2
1 33

21
22

22 λ+ϕ∇ξ−ξψ+ϕ=Φ hO , (7b) 

in which 12 η−η=ξ  is the "kinetic thickness" of lower fluid;  1Φ  is the velocity potential of 

lower fluid at the interface; 2Φ  is the velocity potential of upper fluid at the free surface.  

Substituting Eq. (5) into Eq. (2a) and neglecting the smaller quantities lead to 

  2
1,1,1,11

*
1 2

1
2
1 η+






 ϕϕ+ϕη= gL

ii xxt [ ]2
1

2
,1

2
,1,1

23
1 )(

6
1 ϕ∇−ϕ∇ϕ+ϕ∇η−

ii xxt . (8) 

Inserting Eq. (7a) into Eq. (8) and taking 

  tt
t

t t dddd)(dd 1,111t1,1 xxx ∫∫∫∫∫∫ ΩΩΩ
Φη−Φη

∂
∂=Φη , (9) 

into account, the first term of right hand side in Eq. (9) turns into the boundary term in 

variational approach, so Eq. (8) is reduced to 

  



 Φ∇η−η+ΦΦη+Φη−= 2

1
23

1
2
1,1,111,1

*
1 )(

6
1

2
1

2
1

gL
ii xxt . (10) 

Substituting Eq. (6) into Eq. (2b) and using Eq. (7b), we obtain 

 tttt y ,2
232

,2,2 6
1

2
1
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1
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η

η
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3
1
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2
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∂
∂+ψξ

∂
∂−Φξ

ttt , (11) 
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 
 ϕ∇∇ϕ∇ξ−ψ∇ξ+ϕ∇ξ=φ∇φ∇∫
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222 3
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1
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                                  
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2
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222

2
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3
1

 

                           222322
2

232
2 )(

2
1

)(
3
1

2
1

)(
6
1

)(
2
1 ψξ∇ξ−ψ∇ξ−ξψ+Φ∇ξ−Φ∇ξ=  

                               )(
3
1

)(
2
1

2
2

2
3

2
22 ϕ∇ϕ∇ξ∇+ϕ∇ψξ∇−ψψ∇ξ∇ξ− . (12) 

 At the interface of two fluids, the normal components of velocities are equal and by using 

Eq. (3e) we approximately have 

  t

yy yy ,1
21

11

η=ψ=
∂
φ∂=

∂
φ∂

η=η=

, (13) 

because under the shallow water assumption 1η∇  and 2η∇  are small. 

 Discarding the boundary terms which have no effect on the results in variational 

approach, we can obtain the Hamiltonian in the corresponding Hamilton's principle  

  



 Φ∇η−η+Φ∇η−Φσξ+Φη=−= 2

1
23

1
2
1

2
1121,1

* )(
6
1

2
1

)(
2
1~

gLL tt  

        



 η+ξξ+ξη+Φ∇ξ−Φ∇ξσ− )2(

2
1

2
1

)(
6
1

)(
2
1

1
2
,1

2
2

232
2 gt . (14) 

Set 11 η=ζ  and σξ=ζ2 .  Then Eq. (14) reduces to 

  



 Φ∇ζ−ζ+Φ∇ζ−Φζ+Φζ= 2

1
23

1
2
1

2
112,21,1 )(

6
1

2
1

)(
2
1~

gL tt  

        



 σζ+ζζ

σ
+ζζ+Φ∇ζ

σ
−Φ∇ζ− )2(

2
1

2
1

)(
6
1

)(
2
1

122
2
,12

2
2

23
22

2
22 gt . (15) 

We may as well choose ),( 21 ζζ  as the generalized displacements of the two-fluid system.  By 

definition we have 

  1
,1

1

~
Φ=

ξ∂
∂=

t

L
p ,  2

,2
2

~
Φ=

ξ∂
∂=

t

L
p . (16) 

which indicates that the generalized momenta of the system are ),( 21 ΦΦ .  For single-layer 

fluid, the generalized displacement and momentum are respectively the elevation η  of free 

surface and the velocity potential Φ  at the free surface and thus ),( Φη  constitute the canonical 

variables of the system, Eqs. (15) and (16) indicate that for the two-fluid system, two pairs of 

dual variables, ),( 11 Φζ and ),( 22 Φζ  form the canonical variables, in which ),( 21 ζζ  are the 

"kinetic thickness" of lower fluid and the "reduced kinetic thickness" of upper fluid 



 
vii 

 
 
 

respectively.  Making the Legendre transformation for Eq. (15) gives the Hamiltonian of the 

two-fluid system 

  



 Φ∇ζ−ζ+Φ∇ζ= 2

1
23

1
2
1

2
11 )(

6
1

2
1

)(
2
1~

gH  

          






 ζζ+Φ∇ζ
σ

−





 ζ+

σ
ζζ+Φ∇ζ+ 2

,12
2

2
23

221
2

2
2

22 2
1

)(
6

1
2

2
1

)(
2
1

tg . (17) 

Thus far we have obtained the Hamiltonian functional for the considered system 

  xd
~

0
∫∫=

S
HH . (18) 

It is easy to verify that the following relation holds: 

  ygyygyH d
2
1

d
2
1~ 2

1

1 2
2

0

2
1 ∫∫

η

η

η






 +φ∇σ+






 +φ∇= , (19) 

which means H  in Eq. (18) is the total energy of the system.  It can be shown that from the 

variational principle  

  0d)d
~

( 2211 =−Φζ+Φζδ∫∫Ω
tH x , (20) 

we can derive the governing equations and the complete set of boundary conditions.  And Eq. 

(20) is an alternative formulation of Eq. (1), which has dynamical equivalence with Eq. (2) (see 

Ref. [9]).  Following the procedure in Ref. [9], we can give out the Hamiltonian canonical 

equation for the system 

  
U

JU
δ
δ= H

t , (21) 

where T),,,( 2121 ΦΦζζ=U , 





−

=
0

0

2

2

I
I

J , 2I  is the 22×  unit matrix and J  is the measure 

matrix of simplectic geometry.  Substituting Eqs. (17) and (18) into the Hamiltonian canonical 

equation (21) yields the governing equations for the two-fluid system 

  )(
3
1

)( 1
23

1
2

11
1

,1 Φ∇ξ∇−Φ∇ξ−∇=
Φδ

δ=ζ H
t , (22a) 

  )(
3
1

)( 2
23

2
2

222
2

,2 Φ∇ξ∇
σ

−Φ∇ξ−∇=
Φδ

δ=ζ H
t , (22b) 

  ttt g
H

)()(
2
1

)()(
2
1

2,1
2

1
2
121

2
1

1
,1 ξξ+Φ∇ζ+ζ+ζ−Φ∇−=

δξ
δ−=Φ , (22c) 

  2
,1

2
2

2
22

2
1

2
2

2
,2 2

1
)(

2
1

)(
2
1

tt g
H ξ−Φ∇ζ

σ
+








σ
ζ+ζ−Φ∇−=

δξ
δ−=Φ . (22d) 

 Nondimensionize Eq. (22) and only consider two-dimensional flow.  Let 

  11 u→Φ∇ ,  22 u→Φ∇ , (23) 
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and 

  111 1 ς+=ζ=η ,  )1(/ 2212 ς+=σζ=η−η r , (24) 

where 12 hhr =  is the thickness ratio of upper and lower fluids at rest.  Under the linearization 

approximation, Eq. (22) turns into 

  










=
∂
ς∂+

∂
ς∂+

∂
∂=

∂
ς∂σ+

∂
ς∂+

∂
∂

=
∂

∂+
∂
ς∂=

∂
∂+

∂
ς∂

0,0

0,0

122211

2211

x
r

xt
u

x
r

xt
u

x
u

tx
u

t  (25) 

The corresponding characteristic equation is 

  0))(1( 22 =σ−−− rrCC , (26) 

which has solution 

  



 σ+−±+=± rrrC 4)1()1(

2
1 22 , (27) 

+C  and −C  are the velocities of linear gravity waves, corresponding to the fast mode (surface 

mode) and slow mode (internal mode) respectively (see Ref. [10]). 

 For the two-fluid system considered herein, Dai Shiqiang derived the generalized 

Boussinesq equation, starting from the shallow water approximation and taking vertical average 

of velocity[10].  The equations in Eq. (22) are slightly different from those presented by Dai 

Shiqiang, while the linearized form Eq. (25) agrees with those in Ref. [10].  The dispersion term 

derived with the shallow water approximation for the Hamiltonian system contains only the 

derivatives with respect to space variables, which is different from that in the Boussinesq 

equation, which is the derivative with respect to space and time variables. 

 

2  Conclusion 

 In the present paper, for a two-fluid system, the appropriate canonical variables (i.e. 

generalized displacements and momenta) have been chosen for the first time, that is, the kinetic 

thickness of the lower fluid and the reduced kinetic thickness of upper fluid have been taken as 

the generalized displacements and the velocity potentials at interface and free surface as the 

generalized momenta respectively.  The results show that the procedure presented above is an 

effective way to enter the Hamiltonian system.  Exactly speaking, one should first establish 

Hamilton's principle for the system, then define the appropriate canonical variables and finally 

obtain the Hamiltonian canonical equations via the legendre transformation.  The results herein 

are the extension of those in Refs. [3], [4] and [9]. 
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