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Abstract

Ž .Directly starting from the spectral problem c sU u,l c and with help of functional gradient, a simple method isx

proposed for constructing zero curvature representation of the hierarchies of nonlinear evolution equations. q 2000 Elsevier
Science B.V. All rights reserved.
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It is well-known that Lax representation and zero curvature representation are two different commutator
Ž .representations of nonlinear evolution equations NLEEs . The zero curvature equation plays an important role

w xin integrable systems and many well-known hierarchies of NLEEs are generated based on it 1–4 . For the linear
spectral problem

c sU u ,l c , 1Ž . Ž .x

or its equivalent form

L u cslc ,Ž .
w xCao first posed a theory for commutator representations of NLEEs 5 , in which the key idea is to find the

Ž .solution VsV G for a operator equation

w x X XV , L sL KG yL JG L. 2Ž . Ž . Ž .
where K and J are pairs of Lenard operator, G is an arbitrary given vector function. Later Cao’s idea is further

w x w xdeveloped by Qiao 6–10 and Ma 11–18 to get the hierarchies of NLEEs and their Lax or zero curvature
Ž .representation. For general spectral problem in the form 1 , which can be written as the form

L u ,l cslgc , 3Ž . Ž .
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Ž .where g being the maximum order of l in U u,l , Qiao presented an elegant and unified structure to produce
hierarchies of NLEEs and establish their Lax representation by employing functional gradient. The crucial point

Ž .of this method is to generalize operator Eq. 2 into the form

w x X a X bV , L sL KG L yL JG L , 4Ž . Ž . Ž .
Žwhere a , b are two constants and a-b. In this way, many well-known hierarchies of NLEEs such as AKNS,

. w xWKI, KN, BPT, Levi hierarchy and their Lax representation are obtained 9,10 . Other systematic and effective
Ž .approaches were also presented by Ma for constructing isospectral non-isospectral hierarchies of NLEEs and

w xtheir commutator representation 11–16 . The algebraic structure of Lax or zero curvature representation was
w xdeeply investigated by Ma using systematic methods 17,18 . It is well-known that the key of constructing zero

Ž .curvature representation for hierarchy of NLEEs is to find a solution VsV X for the following operator
w xequation 13

w x X XV y U,V sU F X ylU X , 5Ž . Ž . Ž .x

m Ž . Ž .where u sF f is a hierarchy connected to spectral problem 1 , F is a hereditary symmetry defined by 1t 0

and f is an initial vector field, X is an arbitrary given function.0
Ž .In this Letter directly from spectral problem 1 , we would like to derive hierarchies of NLEEs and construct

their zero curvature representations with help of functional gradient. The key of our method lies in searching for
a operator of the following equation

w x X b XV y U,V sU KG yl U JG , 6Ž . Ž . Ž .x

Ž . Ž .where b is a constant. We should point out that the Eq. 6 is a variant of Eq. 4 in Qiao’s method, but in the
Ž .process of commutator representation, the parameter l in 6 is more easy to be dealt with and calculated than

Ž . Ž . Ž . Ž . w xthe operator L in 4 . Eq. 6 is also a generalization of the operator Eq. 5 bs1 13 . It is more effective to
Ž . Ž .use Eq. 6 than Eq. 5 for constructing zero curvature representation for some hierarchies of NLEEs such as

w xKN, Geng, BPT and Tu hierarchy 3,10 .
w xWe first recall some fundamental symbolic and notations 9,10 .

Ž .The Gateaux derivative of spectral operator U x,t in direction j at point u is defined by

d
XU j s U uq´j N ,Ž . Ž . ´s0d´

Ž .Twhere js j ,j , PPP ,j .1 2 p

Let
T

dl dl dl
, ls , , . . . ,ž /d u d u d u1 2 p

be the functional gradient of l. If there exist two p=p matrix integro-differential operators K and J
depending on u such that

K , lslkJ , l

with k being a constant, we called K and J the pair of Lenard operators.
By using the pair of Lenard operators K and J, we can define Lenard gradient recursion sequences

<� 4G gKerJs G JGs0 , KG sJG , js1,2, PPP 7Ž .0 jy1 j

Ž . Ž .Then the corresponding field X u sJG produce a hierarchies of NLEEs connected with spectral problem 1j

my1u sX u sJ J K G , ms1,2, . . . 8Ž . Ž . Ž .t m 0

Ž .The zero curvature representation of the hierarchy of Eqs. 8 can be constructed making use of the following
two theorems.
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Theorem 1. Suppose that
Ž . � < 4a G gKerJs G JGs0 ,0
Ž . Ž Ž1. Ž2. Ž p..T ( ) Ž .b For arbitrary giÕen Õector function Gs G ,G , . . . ,G , Eq. 6 admits a operator solution VsV G .
Let

m
b Žmyj.V s V l ,Ým j

js1

Ž . Ž Ž1. Ž2. Ž p. . ( )where V sV G , and G s G ,G , . . . ,G being Lenard’s sequence defined by 7 , then we haÕej jy1 jy1 jy1 jy1 jy1

w x XV y U,V sU X .Ž .m x m m

Ž . Ž .Proof. By making use of a , b , we have
m

b Žmyj.w xV y U,V s V y U,V lŽ .Ým x m j x j
js1

m
X X Xb Žmyj. b Žmyjq1.s U JG l yU JG l sU X .Ž .Ž . Ž .Ý j jy1 m

js1

Theorem 2. Suppose that the conditions of Theorem 1 are satisfied, and U X is an injectiÕe homomorphism, then
( )the hierarchy of eÕolution Eqs. 8 possesses zero curÕature representation

w xU yV q U,V s0.t m x m

XŽ .Proof. Noting that U sU u , then it follows by Theorem 1t t

w x X X XU yV q U,V sU u yU X sU u yX s0.Ž . Ž . Ž .t m x m t m t m

X Ž . w xSince U is injective, we have u sX u if and only if U yV q U,V s0.t m t m x m
Ž .In the following we illustrate application of operator Eq. 6 by considering two examples for different cases

of b.

w xExample 1. Consider the Li spectral problem 7,19

ylqÕ uqÕ
c sUcs c , 9Ž .x ž /uyÕ lyÕ

Ž . Ž . Ž .Twhere l is a parameter; u x,t and Õ x,t are potential functions, cs c ,c .1 2
Ž .From 9 , we obtain

T y1dl dl T2 2 2 2, ls , s 2c c dx c yc ,c q2c c qcŽ .H 1 2 2 1 1 1 2 2ž /ž /d u d Õ

and

c 2 yc 2 s2l c 2 qc 2 y2Õ c 2 q2c c qc 2 ,Ž . Ž . Ž .2 1 1 2 1 1 2 2x

c 2 q2c c qc 2 s2l c 2 yc 2 q2u c 2 q2c c qc 2 ,Ž . Ž . Ž .1 1 2 2 2 1 1 1 2 2x

l c 2 qc 2 sl c 2 q2c c qc 2 yu c 2 yc 2 yÕ c 2 q2c c qc 2 .Ž . Ž . Ž . Ž .1 2 1 1 2 2 2 1 1 1 2 2x x x x

which imply

K , lslJ , l,
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where K and J are two skew-symmetric operators

0 E 2 y2E u 2E 0Ks , Js .
2 ž /ž / 0 y2EyE y2uE y2E Õy2ÕE

� 4Now we define the Lenard sequences G by means of the following recursion relationsj

TG s 1,1 gKerJ , KG sJG , js1,2, . . . 10Ž . Ž .0 jy1 j

Then vector fields X sJG generate the Li hierarchy of NLEEsm m

mT y1u ,Õ sX sJ J K G , ms1,2, PPP 11Ž . Ž . Ž .t t m 0

in which the first two typical equations are

u sy2u , Õ sy2Õ .t x t x

u sÕ y2 uÕ , Õ su q2uu y6ÕÕ .Ž . xt x x t x x x x

As usÕ, the second system reduce to the well-known Burgers equation

u q4uu yu s0.t x x x

Ž .In the next, we construct zero curvature representation of the hierarchy 11 . The Gateaux derivative operator
U X is

j j qj j2 1 2 1XU j s , jsŽ . ž / ž /j yj yj j1 2 2 2

X Ž . Ž .where U :j™U j is an injective homomorphism. Choosing bs1 in Eq. 6 , and for arbitrary smooth
Ž Ž1. Ž2..T Ž .function Gs G ,G , we wish to get a solution VsV G of the following operator equation

w x X XV y U,V sU KG ylU JG . 12Ž . Ž . Ž .x

For this purpose, we write U in the form UsU qU l, with0 1

y1 0Õ uqÕU s , U s ,0 1ž / ž /uyÕ yÕ 0 1

and suppose that VsV qV l, where0 1

A B E 0V s , V s0 1ž / ž /C D 0 F

and A, B,C, D, E and F are functions to be determined. Direct calculation yields

w x w x w x w x w x 2V y U,V s V q V ,U q V q V ,U q V ,U lq V ,U lŽ . Ž .x 0 x 0 0 1 x 0 1 1 0 1 1

A q uyÕ By uqÕ C B y2ÕBq uqÕ AyDŽ . Ž . Ž . Ž .x x
s ž /C q2ÕCy uqÕ AyD D y uyÕ Bq uqÕ CŽ . Ž . Ž . Ž .x x

E uqÕ EyF q2 BŽ . Ž .x
q l, 13Ž .ž /y uyÕ EyF y2C FŽ . Ž . x

Ž . Ž . Ž .2 2 1G y2E uG 2Gx x x
KGs , JGs . 14Ž .Ž . Ž . Ž . Ž . Ž .1 1 2 2 2ž / ž /G q2uG q2E ÕG q2ÕG y2Gx x x x x
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Ž . Ž . Ž .Now substituting 13 and 14 into 12 and equating the corresponding equations, we find that

AsyDsyGŽ1.y2ÕGŽ2. , Bs GŽ2.yGŽ1. y2 uqÕ GŽ2. ,Ž . Ž .xx

Cs GŽ1.qGŽ2. y2 uyÕ GŽ2. , EsyFs2GŽ2. .Ž . Ž .x

Ž .Therefore the desired operator solution of Eq. 12 is

Ž . Ž . Ž . Ž . Ž .1 2 2 1 2 Ž .2yG y2ÕG G yG y2 uqÕ GŽ . Ž . 2G 0xx
Vs q l.Ž .2Ž . Ž . Ž . Ž . Ž .1 2 2 1 2 ž /ž / 0 y2GG qG y2 uyÕ G G q2ÕGŽ . Ž .x x

Finally we take

Ž . Ž . Ž . Ž . Ž .1 2 2 1 2m yG y2ÕG G yG y2 uqÕ GŽ .Ž .j x j j j jx myjV s lÝm Ž . Ž . Ž . Ž . Ž .1 2 2 1 2� 0G qG y2 uyÕ G G q2ÕGŽ .Ž .js1 j j j j x jx

Ž .2m 2G 0j myjq1q l , 15Ž .Ý Ž .2ž /0 y2Gjs1 j

Ž Ž1. Ž2..TŽ . Ž .where G s G ,G js1,2, PPP ,m are Lenard sequences defined by 10 , then according to Theorem 1j
Ž .and 2, the zero curvature representation of Li hierarchy of NLEEs 11 is

w xU yV q U,V s0.t m x m

w xExample 2. Consider BPT spectral problem 3,9

1 1 1y1 y1lq sl qq rl2 2 2
c sUcs c , 16Ž .x 1 1 1y1 y1ž /qy rl yly sl2 2 2

Ž . Ž . Ž .where l is an parameter, q x,t ,r x,t and s x,t are three potential functions.
Ž .By using 16 , we find

y1
Ty1 2 2 2 2 2 2 2, ls l rc q2 sc c qrc y2l c c dx l c yc ,c qc ,2c cŽ . Ž .Ž .H 1 1 2 2 1 2 2 1 1 2 1 2ž /

and

l c 2 yc 2 s2l2 c 2 qc 2 qs c 2 qc 2 q2 rc c ,Ž . Ž . Ž .1 2 1 2 1 2 1 2x

l c 2 qc 2 s2l2 c 2 yc 2 qs c 2 yc 2 q2lqc c ,Ž . Ž . Ž .1 2 1 2 1 2 1 2x

2l c c sql c 2 qc 2 yr c 2 yc 2 .Ž . Ž . Ž .1 2 1 2 1 2x

from which it follows that

K , lsl2 J , l,

where K and J are two skew-symmetric operators

0 y2 0E s r
2 E yqKs , Js .ys 0 0ž / � 0yr 0 0 0 q yE
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Now we can define Lenard’s recursion sequence as follows
TG s q ,0,2 gKerJ , KG sJG , js1,2, . . . 17Ž . Ž .0 jy1 j

Then it is found that the vector fields X sJG are related to BPT hierarchy:m m

mT y1q ,r ,s sX sJ J K G , ms1,2, . . . 18Ž . Ž . Ž .t t t m 0

in which the first two typical systems of equations are

q sq q2 r , r syqs, s syqr .t x t t

1 1 1 1 1 12 y1 y1 y1q s E y E qE qy sy rE q q q2 r y E sqq E qE qrqrE qr ,Ž .Ž .t x4 4 2 2 2 2

1 1 1 13 y1 2r sy sq q sq y sr qsqE qry s q ,t x x x4 8 2 2

1 1 1 13 y1s sy rq q rq y rr qrqE qry sqr .t x x x4 8 2 2

Especially taking rsss0, the second system of equations reduce well-known MKdV equation
3 12q q q q y q s0.t x x x x8 4

Ž .In the following, we consider the zero curvature representation of BPT hierarchy 18 . It is seen that the
Gateaux derivative U X is

1
1 1y1 y1j l j q j l T3 1 22 2X 2U j s , js j ,j ,j .Ž . Ž .1 2 3

1 1 1y1 y1� 0j y j l y j l1 2 32 2 2

Ž . Ž Ž1. Ž2. Ž3..TTaking bs2 in 6 , as did Example 1, we can show that for arbitrary function Gs G ,G ,G , the
operator equation

w x X 2 XV y U,V sU KG yl U JG 19Ž . Ž . Ž .x

admits a operator solution

Ž . Ž . Ž .1 3 21 10 G G yG def
Vs q l s V qV l.0 1Ž . Ž . Ž .1 2 3ž / ž /2 2G 0 G yG

Ž .In the fact, we are able to write U u,l in the form

UsU ly1 qU qU l,0 1 2

in which

1 1 0 q 1 0s rU s , U s , U s .0 1 2ž / ž /yr ys ž /q 0 0 y12 2

A direct calculation shows that

w x w x y1 w x w x w x w w x 2V y U,V s V ,U l q V q V ,U q V ,U q V q V ,U q V ,U lq V ,U lŽ . Ž .x 0 0 0 x 0 1 1 0 1 x 1 1 0 2 2 2

Ž . Ž . Ž .1 2 3Ž . Ž .1 11 1 0 G qsG qrGyrG ysG xy1s l qŽ . Ž . Ž . Ž . Ž .1 1 1 2 3ž / ž /2 2sG rG G qsG qrG 0x

Ž . Ž . Ž . Ž .3 2 2 3 Ž .21 G yqG yG qqG 0 Gx x 2q lq l . 20Ž .Ž . Ž . Ž . Ž . Ž .2 3 3 2 2ž /ž /2 G yqG yG qqG G 0x x
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On the other hand noting that

Ž .2Ž . Ž . Ž .1 2 3 y2GG qsG qrGx
Ž2. Ž1. Ž3.Ž .1 G q2G yqGKGs , JGs ,xysG� 0 Ž3. Ž2.� 0Ž .1 yG qqGyrG x

XŽ . 2 XŽ . Ž . Ž .it is not difficult to verify that U KG yl U JG equals to the right of 20 , So 19 is correct.
Ž .Therefore according to Theorem 1 and 2, The BPT hierarchy 18 possesses the zero curvature representation

w xU yV q U,V s0,t m x m

where

Ž . Ž . Ž .1 3 2m m0 G G yGj j j1 12Žmyj. 2Žmyj.q1V s l q lÝ Ým 2 2Ž . Ž . Ž .1 2 3ž / ž /G 0 G yGjs1 js1j j j

Ž Ž1. Ž2. Ž3..T Ž .and G s G ,G ,G is Lenard sequences defined by 17 .j j j j

w xRemark. On the basis of the work 5–13 , we have proposed a simple method to construct the zero curvature
w xrepresentation for hierarchy of NLEEs. This method is actually a variant of Qiao’s method 9,10 . If we rewrite

Ž . Ž . Ž .the spectral problem 9 in Example 1 as the form 3 , and replace the l in 15 by L, V by W , we find thatm m

the zero curvature representation of Li hierarchy

w xU yV q U,V s0, c sUc , c sV ct m x m x t m

w xis equivalent to the commutator representation obtained by Qiao 7

w xL s W , L , Lcslc , c sW ct m x m

w xIn Example 2, it is also similar to the results presented in Ref. 9 . Since hereditary symmetry F usually is
y1 Ž . Ž .related to Lenard operator pairs and equals to KJ , Eq. 6 is regarded as a generalization of Eq. 5 . We also

aware of the fact that not all spectral problems can be treated by our method. For example, it hard to be applied
w xto non-traceless matrix spectral problem. In this aspect, Ma’s method seems more general and effective 13,14 .

Ž .We hope to link Eq. 6 and Ma’s method together to deal with non-traceless matrix spectral problems and
w xalgebraic structure of zero curvature representation et al. 17,18 .
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