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Abstract

Directly starting from the spectral problem #, = U(u,A)¢s and with help of functional gradient, a simple method is
proposed for constructing zero curvature representation of the hierarchies of nonlinear evolution equations. © 2000 Elsevier
Science B.V. All rights reserved.
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It is well-known that Lax representation and zero curvature representation are two different commutator
representations of nonlinear evolution equations (NLEES). The zero curvature equation plays an important role
in integrable systems and many well-known hierarchies of NLEEs are generated based on it [1—4]. For the linear
spectral problem

P, =U(u,A) ¥, (1)
or its equivalent form

L(u)¢r= Ay,
Cao first posed a theory for commutator representations of NLEES [5], in which the key idea is to find the
solution V = V(G) for a operator equation

[V,L] = L(KG) — L(JG)L. (2)

where K and J are pairs of Lenard operator, G is an arbitrary given vector function. Later Cao’'s ideais further
developed by Qiao [6-10] and Ma [11-18] to get the hierarchies of NLEEs and their Lax or zero curvature
representation. For general spectral problem in the form (1), which can be written as the form

L(U,A) = A%, (3)
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where y being the maximum order of A in U(u, ), Qiao presented an elegant and unified structure to produce
hierarchies of NLEEs and establish their Lax representation by employing functional gradient. The crucia point
of this method is to generalize operator Eq. (2) into the form

[V,L]=L(KG)L*—L(JIG)L?, (4)
where «, 8 are two constants and « < 8. In this way, many well-known hierarchies of NLEES (such as AKNS,
WKI, KN, BPT, Levi hierarchy) and their Lax representation are obtained [9,10]. Other systematic and effective
approaches were also presented by Ma for constructing isospectral (non-isospectral) hierarchies of NLEEs and
their commutator representation [11-16]. The algebraic structure of Lax or zero curvature representation was
deeply investigated by Ma using systematic methods [17,18]. It is well-known that the key of constructing zero
curvature representation for hierarchy of NLEEs is to find a solution V =V(X) for the following operator
equation [13]

VX—[U,V]=U’(CDX)—/\U’(X), (5)
where u, = @™f, is a hierarchy connected to spectral problem (1), @ is a hereditary symmetry defined by (1)
and f, isan initial vector field, X is an arbitrary given function.

In this Letter directly from spectral problem (1), we would like to derive hierarchies of NLEEs and construct

their zero curvature representations with help of functional gradient. The key of our method lies in searching for
a operator of the following equation

V, - [UV]=U'(KG) — APU'(JG), (6)

where 8 is a constant. We should point out that the Eq. (6) is a variant of Eq. (4) in Qiao’s method, but in the
process of commutator representation, the parameter A in (6) is more easy to be dealt with and calculated than
the operator L in (4). Eq. (6) is also a generalization of the operator Eq. (5) ( 8= 1) [13]. It is more effective to
use Eq. (6) than Eq. (5) for constructing zero curvature representation for some hierarchies of NLEES such as
KN, Geng, BPT and Tu hierarchy [3,10].

We first recall some fundamental symbolic and notations [9,10].

The Gateaux derivative of spectral operator U(x,t) in direction ¢ at point u is defined by

d
U’(§)=$U(u+s§)|8=o,

where = (£,,&,, &),
Let

S oA sa )"
Vi=|—,—,...,—
ou; duU, du,

be the functional gradient of A. If there exist two p X p matrix integro-differential operators K and J
depending on u such that
KVA=AJVA
with k being a constant, we called K and J the pair of Lenard operators.
By using the pair of Lenard operators K and J, we can define Lenard gradient recursion sequences

G,eKerd={GlIG=0}, KG_,=JG, j=12,- (7)
Then the corresponding field X(u) = JG; produce a hierarchies of NLEEs connected with spectral problem (1)
u =X (u) =J(JK) G,, m=1.2,... (8)

The zero curvature representation of the hierarchy of Egs. (8) can be constructed making use of the following
two theorems.
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Theorem 1. Suppose that

(@ G, € Kerd={G|JG = 0},

(b) For arbitrary given vector function G = (G,G®,...,G'™)T, Eq. (6) admits a operator solution V = V(G).
Let

m
V, = Z Vj/\B(m—i),
j=1
where V, = V(G;_,), and G,_, = (GP;,G?,,...,G”)) being Lenard's sequence defined by (7), then we have
Vinx — [U!Vm] = U,( Xm)'

Proof. By making use of (a), (b), we have
m

Vo, — [UV,]= X2 (ij_ [U,\/j]))\ﬁ(m—j)
i

s T

[U'(3G)ABMD —U'(3G,_ ) AP+ D] = U (X,,).

j=1

Theorem 2. Suppose that the conditions of Theorem 1 are satisfied, and U’ is an injective homomor phism, then
the hierarchy of evolution Eqgs. (8) possesses zero curvature representation

U -V, +[UV,]=0.

Proof. Noting that U, = U’(uy), then it follows by Theorem 1
Uy = Vinx + [U'Vm] = U,(ut) - Ul( xm) = U((ut - Xm) =0.

Since U’ isinjective, we have u, = X (u) if and only if U, — V., +[U,V,]=0.
In the following we illustrate application of operator Eq. (6) by considering two examples for different cases

of B.
Example 1. Consider the Li spectral problem [7,19]

==y, (9

u—vo

where ) is a parameter; u(x,t) and v(x,t) are potential functions, = (¢, 1,)".
From (9), we obtain

A BA\T -1 T
V)\z(%’a) =(f2¢f1¢2dx) (‘/’22_‘!&2!‘/’12+2‘p1¢2+¢’22)
and
(07 = f) = 20M(W8 + ¥3) — 20( W5 + 2414, + ¥5),
(0 + 2000, + 9f) = 2097 — ¥f) + 2u(Pf + 29,9, + ),
MWt +93) = Mud + 20+ 9F)  —u(Wf — o) — (W + 2414, + ) -
which imply
KVA=AJIVA,
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where K and J are two skew-symmetric operators

K = 0 92 —2du Jz(za o)
—392—2ud —2dv—20vd)’ 0 -29)

Now we define the Lenard sequences {GJ-} by means of the following recursion relations

Go=(11)" eKerd, KG_,;=JG, j=12,... (10)
Then vector fields X, = JG,, generate the Li hierarchy of NLEES

(U,0) =X, =3I *K)'Gy, m=12,--- (11)
in which the first two typical equations are

u = —2u,, uv,=—2u,.

Uy =vg— 2(Un)y, 0= Uy + 20U, — Bou,.
As u = v, the second system reduce to the well-known Burgers equation
0.

In the next, we construct zero curvature representation of the hierarchy (11). The Gateaux derivative operator
& &+ &

U’ is
e _ |4
U(g)_(fl_fz _fz , § (52)

where U’: ¢ — U(¢) is an injective homomorphism. Choosing 8=1 in Eq. (6), and for arbitrary smooth
function G = (G?,G®)T, we wish to get a solution V = V(G) of the following operator equation

V,—[UV]=U'(KG) — AU'(JG). (12)

For this purpose, we write U in the form U = U, + U, A, with

_ v u+vo (-1 O
UO_(U—U —v )’ Ul_( 0 1)'

and suppose that V =V, + V; A, where

A B _[E O
VO‘(C D)‘ Vl‘(o F)

and A,B,C,D,E and F are functions to be determined. Direct calculation yields

u,+4uu,—u

xXx =

Ve = [UV] = (Vox + [Vo.Uo ) + (Vax+ [Vo,Ui] + [Vi.Up 1) A + [V,U; 142

A,+(u—ov)B—(u+v)C B—2vB+(u+v)(A-D)
C,+2vC—(u+v)(A-D) D,—(u—-v)B+(u+vo)C

E, (u+0)(E—F)+2B
+ A, (13)
—(u-v)(E-F)-2C F,
G2 — 20uG® 2GM
KG = ) o | JG= » | (14)
G +2uGY + 200G + 20G? —2G{?
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Now substituting (13) and (14) into (12) and equating the corresponding equations, we find that
A=-D= -G -2,G?, B=(G?®-GY),—2(u+v)G?,
C=(GV+G?),—2(u-v)G?®, E=-F=2G?.

Therefore the desired operator solution of Eq. (12) is

_ — G — 20G? (G?® —GW), —2(u+0v)G? 2G? o |\
(GY +GP@), —2(u—0v)G? GY +2,G@ 0 —2G®
Finally we take
vo -G — 20G® (G?~GM), —2(u+v)G® o
-1 (G +G?), —2(u—0v)G? G + 206G
+ i ZGJ'(Z) 0 Am-itl (15)
-1l o —26@ ’

where G, = (G®,G®)"(j =12, ---,m) are Lenard sequences defined by (10), then according to Theorem 1
and 2, the zero curvature representation of Li hierarchy of NLEEs (11) is

U — V., +[UV,]=0.
Example 2. Consider BPT spectral problem [3,9]

o= Uy = (16)

A+3sa7t ig4+iratt?
lg—3rat —a—isa7t T

where A is an parameter, g(x,t),r(x,t) and s(x,t) are three potential functions.
By using (16), we find

V= A0 + 2t 102 - 20%00a) ) (M3 )02 ¢ 05 2]
and

MW= 7) = 2X2(9f + 03 ) + (ol + ¥3) + 21,

Mu?+02), = 202(wf = uZ) + (4l — vZ) + 200,

20(0ty) = OA(0Z + 0F) 1 (02 — 0.
from which it follows that

KVA=AJVA,
where K and J are two skew-symmetric operators

9 s r 0 -2 O
K=|-s 0 0|, J={2 d -—q].

-r 00 0 q -9
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Now we can define Lenard’s recursion sequence as follows

Go=(a,02) eKerd, KG_;=JG, j=12,... (17)
Then it is found that the vector fields X, = JG,, are related to BPT hierarchy:
(0.1,8) =X, =J(IK)"'Gy, m=12,... (18)

in which the first two typical systems of equations are
g, =0,t2r, r,=-0s, s=-—q.
0 = (702 — 2099 'q— 35— 3rd~'q)(q, + 2r) — 30sq+ 399 *qr + ragr,
Fo= =30+ 5S0° — 587, + S99 ar — ;8°0,
§ = — a0+ 570° — 31T, + g0 "or — 5o
Especidly taking r = s= 0, the second system of equations reduce well-known MKdV equation
O+ 30°0x ~ 20 = 0.

In the following, we consider the zero curvature representation of BPT hierarchy (18). It is seen that the
Gateaux derivative U’ is

1
%53)\71 %514‘552)\71
%51_%52)‘71 _% 3)‘71

Taking B=2 in (6), as did Example 1, we can show that for arbitrary function G = (G®,G® ,G®)T, the
operator equation

U'(f): ) 52(51152!53)T-

V,— [UV]=U'(KG) — A2U’(JG) (19)
admits a operator solution
1( 0o G¥% 1(G®  —GP| e
VZE c» o +§ c®  _g® A=Vy+ VA

In the fact, we are able to write U(u,A) in the form
U= UO/\’1 +U; + U4,
in which

1 1(0 q 1 0
_*(s r _= _
UO_Z(—r —s)’ Yy Z(q 0)’ U, (0 —1)'

A direct calculation shows that

VX - [U’V] = [VO’UO]/\il + (VOX + [VO’Ul] + [Vl’UO]) + (le + [V17U1] + [VO'UZ)/\ + [V27U2])\2

1[-rg®» —sg®) . 1 0 G + sG@ +rG®
2| o rG *t3 GY + G +1G® 0
L 1[6P -6 -G+ o G? 20
2|6@-qG® —GO® +qG? G2 0 (20)
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On the other hand noting that

GW + sG? + GO —2G?
KG = _ G , JG=|G@+2GY - qG®
—rGW —GO® + qG?

it is not difficult to verify that U'(KG) — A2U’(JG) equals to the right of (20), So (19) is correct.
Therefore according to Theorem 1 and 2, The BPT hierarchy (18) possesses the zero curvature representation

Ut - me + [U'Vm] =0,
where
m

AZm=D 4 1y
j=1

0 GW
G» 0

G®» -G®

A2AM=+1
G?® -G®
] ]

m
Vm=% Z
-1

and G, = (GY,G®,G®)" is Lenard sequences defined by (17).

Remark. On the basis of the work [5—13], we have proposed a simple method to construct the zero curvature
representation for hierarchy of NLEEs. This method is actually a variant of Qiao’s method [9,10]. If we rewrite
the spectral problem (9) in Example 1 as the form (3), and replace the A in (15) by L, V,, by W,,, we find that
the zero curvature representation of Li hierarchy

U = Vg + [vam] =0, =U¢, §=V,¢
is equivalent to the commutator representation obtained by Qiao [7]

Lt:[Wm'L]' Llﬂ:Alﬁ, lpx:Wml/j
In Example 2, it is also similar to the results presented in Ref. [9]. Since hereditary symmetry & usually is
related to Lenard operator pairs and equals to KJ™1, Eq. (6) is regarded as a generalization of Eq. (5). We aso
aware of the fact that not all spectral problems can be treated by our method. For example, it hard to be applied
to non-traceless matrix spectral problem. In this aspect, Ma's method seems more general and effective [13,14].

We hope to link Eq. (6) and Ma's method together to deal with non-traceless matrix spectral problems and
algebraic structure of zero curvature representation et al. [17,18].
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